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Question How to construct the realnumbersystem
⼆ 112

0 Algebraic axioms

recall AiAct MiM4 D
Addition Multiplication Distribution

Ordering axioms

There exists a nonempty set PCRS.tn
U at R then either a no aEP or_a EP

if ab EP then atb EP

if ab EP then ab EP

Then define a b as ab EP



Completeness axioms

Forevery non emptysubsets which is bounded

fromabove supS exists_

Definition Let X be a non empty subsetof IR

uHR is called an upperboundof X if x Eu forany xEX

X is calledboundedfrom above if it has an upperbound

supX is defined to be the leastupperbound of X i

e.IM'X2X for all xt X e

supX Eu whenever u is an upperbound ofX

Hence two steps are needed to prove⼜
⼆supX

First one has to show x is an upperbound
Next one needs to show x is the leastamong
all possibleupperbounds

lowerbound infimum are definedsimilarly



Exercise

Let ㄨ 0 I Prove supㄨ ⼟

Need to check

I is an upper bound of X
I is the least upperbound

Proof o is trivial Suffices to check

Let s be an upperboundofX.Then so

If 531 then we're done

If O Est I choose x S Y If it

Hence X EX but xss

Contradiction to the fact that S is an upperbound
⼝



X I 主 n EN了 Prove supㄨ 0

Recall Archimedean Property

If aHR then ⺕ nENs.tn an

Proof o check o is an upperboundof X Toiall

Suppose s be an upperbound of X

If so then we're done

If so we want to find some X EX st x S

then contradiction arises

By ArchimedeanProperty Int NS.t ⼀於⻅

Then SE f 前 since so But 前 EX
⼝



Prove sup At B SupLA t SupCB A 13412

and At Bi 1atbiatA.be133
Need to prove Sup AtB E SupAstsup B

SuptAt1373Sup A t supB

Proof of aEA bEB we have a ESupA and bESup B

Hence atb E SupHit SupB
Hence SupCA tsup B is an upperboundof AtB
Hence sup AtB EsupCA t sup B

Fix at A Then Ub EB
atb E Sup At13 bE Sup At13 a

Henie sup At Bra is an upperboundof B
Then Sup B E SuptAt13 a

Therefore a E SuptAtBJ supcB.is true U atA

Henle supAt13 supCB is anupperboundof A
Thus SupLA E sup AtB sup B

⼝


